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We present a simple, first-order approximation algorithm for the support vector classification
problem. Given a pair of linearly separable data sets and € € (0, 1), the proposed algorithm
computes a separating hyperplane whose margin is within a factor of (1 — €) of that of the
maximum-margin separating hyperplane. We discuss how our algorithm can be extended
to nonlinearly separable and inseparable data sets. The running time of our algorithm is
linear in the number of data points and in 1/e. In particular, the number of support vectors
computed by the algorithm is bounded above by O((/e€) for all sufficiently small € > 0,
where ( is the square of the ratio of the distances between the farthest and closest pairs of
points in the two data sets. Furthermore, we establish that our algorithm exhibits linear
convergence. Our computational experiments reveal that the proposed algorithm performs
quite well on standard data sets in comparison with other first-order algorithms. We adopt

the real number model of computation in our analysis.
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1. Introduction

Support vector machines (SVMs) are one of the most commonly used methodologies for
classification, regression, and outlier detection. Given a pair of linearly separable data sets
P C R" and Q C R"”, the support vector classification problem asks for the computation of
a hyperplane that separates P and Q with the largest margin. Using kernel functions, the



support vector classification problem can also be extended to nonlinearly separable data sets.
Furthermore, classification errors can be incorporated into the problem to handle inseparable
data sets. SVMs have proven to be very successful in various real world applications includ-
ing data mining, human computer interaction, image processing, bio-informatics, graphics,
visualization, robotics, and many others [33, 8. In theory, large margin separation implies
good generalization bounds [§].

The support vector classification problem can be formulated as a convex quadratic pro-
gramming problem (see Section 2), which can, in theory, be solved in polynomial time using
interior-point methods. In practice, however, the resulting optimization problem is usu-
ally too large to be solved using direct methods. Therefore, previous research on solution
approaches has either focused on decomposition methods using the dual formulation (see,
e.g., [25, 26, 15, 34]), cutting plane, subgradient, or Newton-like methods using the primal for-
mulation (see, e.g., [16, 28, 23, 18]), or on approximation algorithms (see, e.g., [17, 14, 7, 11]).
In this paper, we take the third approach and aim to compute a separating hyperplane whose
margin is a close approximation to that of the maximum-margin separating hyperplane.

Given € € (0,1), an e-core set is a subset of the input data points P’ U Q', where P’ C P
and @ C Q, such that the maximum margin that separates P and Q is within a factor of
(1 — ¢€) of the maximum margin that separates P’ and Q'. Small core sets constitute the
building blocks of efficient approximation algorithms for large-scale optimization problems.
In the context of the support vector classification problem, a small core set corresponds
to a small number of support vectors, which gives rise to the compact representation of
the separating hyperplane and to an efficient testing phase. Recently, several approximation
algorithms have been developed for various classes of geometric optimization problems based
on the existence of small core sets [5, 19, 3, 30, 20, 1, 29, 36, 21]. Computational experience
indicates that such algorithms are especially well-suited for large-scale instances, for which
a moderately small accuracy (e.g., € = 1073) suffices.

In this paper, we propose a simple algorithm that computes an approximation to the
maximum-margin hyperplane that separates a pair of linearly separable data sets P and
Q. Given € € (0,1), our algorithm computes a (1 — €)-approximate solution, i.e., a hyper-
plane that separates P and Q with a margin larger than (1 — €)u*, where u* denotes the
maximum margin. Our algorithm is an adaptation of the Frank-Wolfe algorithm [9] with
Wolfe’s away steps [35] applied to the dual formulation of the support vector classification

problem, which coincides with the formulation of the problem of finding the closest pair of



points in two disjoint polytopes (see Section 2). We establish that our algorithm computes a
(1—¢)-approximate solution to the support vector classification problem in O((/¢) iterations,
where ( is the square of the ratio of the distances between the farthest and closest pairs of
points in P and Q. We also discuss how our algorithm can be extended to the nonlinearly
separable and inseparable data sets without sacrificing the iteration complexity. Since our
algorithm relies only on the first-order approximation of the quadratic objective function,
the computational cost of each iteration is fairly low. In particular, we establish that the
number of kernel function evaluations at each iteration is O(|P| + |Q]), which implies that
the total number of kernel evaluations is bounded above by O((|P|+|QJ){/¢€). As a byprod-
uct, our algorithm explicitly computes an e-core set of size O((/¢). Finally, our algorithm
exhibits linear convergence, which implies that the dual optimality gap at each iteration
asymptotically decreases at least at a linear rate.

For the support vector classification problem, one of the earlier core-set-based approaches
is due to [32, 31], in which the authors reformulate the problem as a variant of the minimum
enclosing ball problem and apply earlier core-set-based approaches developed for this latter
problem [3, 19]. Har-Peled et al. [14] use a direct algorithm, which, starting off with one
point from each input set, adds one input point at each iteration until the maximum-margin
hyperplane that separates this subset is a (1 — €)-approximate solution. They establish
that this direct procedure terminates in O((/e€) iterations, which readily yields a core set
bound of O((/e). Despite the simplicity of their approach, the algorithm and the analysis
require the strong assumption of the availability of an exact solver for the computation of the
largest-margin separating hyperplane for smaller instances of the support vector classification
problem at each iteration.

More recently, Clarkson [7] studies the general problem of maximizing a concave function
over the unit simplex. The dual formulation of the support vector classification problem can
be reformulated in this form at the expense of increasing the number of decision variables.
More specifically, the problem of computing the closest pair of points in two disjoint poly-
topes is equivalent to that of computing the point with the smallest norm in the Minkowski
difference of these two polytopes. Therefore, the support vector classification problem can
be viewed as a special case in his framework. By introducing the concept of an additive
e-core set for the general problem, Clarkson establishes core set results for several variants
of the Frank-Wolfe algorithm, including a version that uses away steps. In particular, Clark-

son specializes his results to the linearly separable support vector classification problem to



establish a core set size of O((/€). Motivated by his results, Gartner and Jaggi [11] focus on
the problem of computing the closest pair of points in two disjoint polytopes. They observe
that Gilbert’s algorithm [12] that computes the point with the smallest norm in a polytope
is precisely the Frank-Wolfe algorithm specialized to this problem (see also Section 3). They
establish that the running time of this algorithm is linear in the number of points and in
1/e, which asymptotically matches the running time of our algorithm. Furthermore, their
algorithm computes a core set of size O(s/€) for the support vector classification problem,
where ¢ is a geometric measure that satisfies (v/¢ — 1) < ¢ < ¢ — 1. They also establish a
lower bound of ¢/(2¢) + 2 on the size of an e-core set. Using Clarkson’s results, they prove
that Clarkson’s variant of the Frank-Wolfe algorithm with away steps computes a core set
whose size is asymptotically twice this lower bound.

The variant of the Frank-Wolfe algorithm that uses away steps in [7] is different from
the version that we adopt in this paper. In particular, Clarkson’s algorithm starts off by
computing the closest pair of points in the two input sets, which already is more expensive
than the overall complexity of our algorithm for fixed € > 0. Furthermore, Clarkson assumes
that each iterate of the algorithm is an optimal solution of the original problem on the
smallest face of the unit simplex that contains this iterate (see Algorithms 4.2 and 5.1).
Therefore, similar to [14], his algorithm requires an exact solver for smaller subproblems.
This assumption enables Clarkson to establish core set sizes with smaller constants. In
particular, Gartner and Jaggi [11] also rely on this result to establish that the specialization
of Clarkson’s algorithm to the polytope distance problem computes a core set whose size is
closer to the lower bound. In contrast, we simply apply the original Frank-Wolfe algorithm
with away steps [35] to the support vector classification problem without any modifications.
As such, our algorithm does not require an optimal solution of smaller subproblems at any
stage. Our core set bound asymptotically matches the previous bounds and differs from the
lower bound by a constant factor. The running time of our algorithm is linear in 1/¢ and
the cost of each iteration is linear in the number of input points. Finally, we establish the
nice property that our algorithm enjoys linear convergence, which is a property that is not in
general satisfied by Gilbert’s algorithm and hence the first algorithm of [11] (see, e.g., [13]).
In summary, our main contribution in this paper is the proof of the existence of a small core
set result for the support vector classification problem using a simple, first-order algorithm
with good theoretical complexity bounds and desirable convergence properties that are not

necessarily shared by other similar algorithms.
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Recently, it has been observed that the core vector machine approach of Tsang et al. [30]
may exhibit inconsistent and undesirable performance in practice for certain choices of the
penalty parameter y (see Section 2.3) and of the accuracy € [22]. The core vector machine
approach is based on a reformulation of the support vector classification problem as a variant
of the minimum enclosing ball problem, which is then solved approximately using a core-set-
based algorithm. One of the sources of this observed problem seems to be the incompatibility
of the termination criteria between the two problems. In contrast, we work directly with the
original formulation. As such, our approach in this paper does not require any reformulations
of the problem. Therefore, our algorithm is different from the core vector machine approach.
Our computational results illustrate that our algorithm does not exhibit the inconsistent
behavior observed for core vector machines.

We remark that support vector classification is a well-studied problem both in theory
and in practice. Several algorithms have been proposed, analyzed, and implemented. There
are many effective solvers available on the Internet to solve the support vector classification
problem (see, e.g., http://www.support-vector-machines.org). Our main goal in this
paper is to complement the existing solution methodologies with a simple, first-order algo-
rithm with nice theoretical properties that can effectively compute an approximate solution
of large-scale instances using a small number of support vectors.

This paper is organized as follows. In the remainder of this section, we define our nota-
tion. In Section 2, we discuss optimization formulations for the support vector classification
problem for linearly separable, nonlinearly separable, and inseparable data sets. Section 3 de-
scribes the approximation algorithm and establishes the computational complexity, core set,
and the linear convergence results. Section 4 is devoted to the presentation and discussion

of the computational results. Finally, Section 5 concludes the paper.

Notation: Vectors are denoted by lower-case Roman letters. For a vector p, p; denotes
its ith component. Inequalities on vectors apply to each component. We reserve e/ for the
7th unit vector, 1,, for the n-dimensional vector of all ones, and I for the identity matrix in
the appropriate dimension, which will always be clear from the context. Upper-case Roman
letters are reserved for matrices and M;; denotes the (7, j) component of the matrix M. We
use log(+), exp(-), and sgn(-) to denote the natural logarithm, the exponential function, and
the sign function, respectively. For a set S C R™, conv(S) denotes the convex hull of S.
Functions and operators are denoted by upper-case Greek letters. Scalars except for m, n,

and r are represented by lower-case Greek letters, unless they represent components of a



vector or elements of a sequence of scalars, vectors, or matrices. We reserve 4, j, and k for
such indexing purposes. Upper-case script letters are used for all other objects such as sets

and hyperplanes.

2. Optimization Formulations

2.1 Linearly Separable Case

Let P = {p',....p"} C R" and Q = {¢*,...,¢"} C R"™ denote two linearly separable
data sets, i.e., we assume that conv(P) N conv(Q) = (). We discuss the extensions to the
nonlinearly separable and inseparable data sets in Sections 2.2 and 2.3, respectively.
Let us define P = [p',...,p"] € R™™ and Q = [¢*,...,q"] € R™". The support vector
classification problem admits the following optimization formulation [4]:
(P) maxyas —5lwl®+a-2
s.t.

PTw—al, > 0,
-QTw+ 51, > 0,

where w € R", a € R, and g € R are the decision variables. The Lagrangian dual of (PP) is

given by
(D) ming,, ¥(u,v) = i[|Pu—Qu|f
s.t.
<1m)Tu = 17
1) = 1
u > 0,
v > 0
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where u € R™ and v € R" are the decision variables. Note that (D) is precisely the formu-
lation of the problem of finding the closest pair of points in conv(P) and conv(Q).

Since (P) is a convex optimization problem with linear constraints, (w*, a*, 3*) € R™ x



R x R is an optimal solution of (P) if and only if there exist u* € R™ and v* € R” such that

Prw* —a*1,, > 0, (1a)

- Q"w" + 51, > 0, (1b)
Pu* — Qv = w, (1c)
(L) u* = 1, (1d)

(1) = 1, (1le)

w () 'w* —a*) = 0, i=1,...,m, (1f)
vi(B = (@)'w) =0, j=1...m (1g)
ut > 0, (1h)

vt > 0. (1i)

If we sum over i in (1f) and j in (1g), we obtain
o = (WP, B = () Qv 2)
where we used (1d), and (le). It follows from (1c) that
B+ wl? —a* =0, or — (/2w |*+a" = 5" = (1/2)]Jw*|?, (3)

which implies that (u*,v*) € R™ x R" is an optimal solution of (D) and that strong duality
holds between (P) and (D) . Therefore, the optimal separating hyperplane is given by

H:={z cR": (w) 'z =7},
where v* := (a* 4+ (*)/2 and the maximum margin between conv(P) and conv(Q) is
. o _ﬁ*

pho= e = et = [Pt = Qul. (4)

[

2.2 Nonlinearly Separable Case

One of the main advantages of support vector machines is their ability to incorporate the
transformation of nonlinearly separable input sets to linearly separable input sets by using
kernel functions. Kernel functions significantly expand the application of support vector
machines.

Let P and O be two input sets in R™ that are not linearly separable but can be separated

by a nonlinear manifold. The main idea is to lift the input data to a higher dimensional inner
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product space S (called the feature space) so that the lifted input sets are linearly separable
in §. More specifically, let & : R® — § denote this transformation. One can then aim to
linearly separate the new input sets P’ := {®(p'),...,®(p™)} and Q' := {®(¢'),...,P(q")}
in S. The primal formulation (P) can be accordingly modified for the lifted input set.
However, the explicit evaluation of the function ® can be too costly or even intractable
since the feature space S may be extremely high-dimensional or even infinite-dimensional.
This observation restricts the use of the primal formulation (). On the other hand, the

objective function of the corresponding dual formulation is given by

Vo) = 30D w0, 00)) — 230 3w, (@), ¥(e)
+Y ) v (0(g), B(¢)),

i=1 j=1
where (-,-) denotes the inner product in S. It follows that the dual objective function
requires only the computation of inner products in S rather than the actual transformations

themselves. Therefore, if we define a function s : R” x R®” — R by

R, y) = (P(x), B(y)), (5)
then it suffices to be able to evaluate the function k, known as the kernel function, rather
than the transformation ® in order to solve the dual optimization problem. Note that we
recover the linearly separable case by simply defining x(z,y) = 27y, which is known as the
linear kernel.

The use of kernel functions enables one to separate nonlinearly separable data using the
dual formulation. In contrast with the primal formulation (P), the number of variables in the
dual formulation depends only on |P| and |Q)|, but is entirely independent of the dimension
of the feature space S.

Similar to the linearly separable case, the optimal separating hyperplane in S is given by
Hi={yeS: (w,y)=7"}

where v* = (a* 4+ (*)/2. Unlike the linearly separable case, the explicit construction of

w* € 8, in general, is not possible. However, by (1c),
wh =Y urd(p') = > vie(q), (6)
i=1 j=1

which implies that (w*, ®(z)) can be easily computed using the kernel function k for any

test point x € R".



2.3 Inseparable Case

In most applications of the support vector classification problem, it is not known a priori
if the input sets are linearly or nonlinearly separable. Therefore, it is essential to modify
the formulation of the support vector classification problem so that classification violations
are allowed. Such violations are usually penalized using additional terms in the objective
function. In this paper, we focus on the formulation that penalizes the sum of squared
violations:
(IP)  maxy,q,p.¢y —%(w, w) +a—f— )_2< (Z:il '512 + Z;':l w?)
s.t.
(@), w) —a > =&, i=1,...,m,
—(®(¢),w) +8 > —;, j=1,...,m
where x > 0 is the penalty parameter, and £ € R and ¢ € R" denote the decision variables
corresponding to the classification violations in P and Q, respectively.
As observed in [10], the optimization problem (IPP) can be converted into a separable
instance using the following transformation. Let S := S x R™ x R” with the inner product

defined by ((w',y', 21), (w? y?, 22)) := (wh, w?) + (y")T (y?) + (2')T(2?). Then, if we define

b = (W7, x €7, X )T,
) = (@) 1/ 0", i=1,.m,
o(¢) = (®(¢)7,0,—(1/ )T, j=1,...,m
a = a,
6= 7
it is easy to verify that the problem (IP) can be formulated as the problem (P) on the input
sets P 1= {E)(pl)a ces ‘5(pm)} and Q := {5((11), e &)(q”)} with decision variables (10, &, 3).

Furthermore, for each z,y € PUQ, the kernel function for the transformed instance satisfies
- 1
li(l’, y) = li(ZL‘, y) + ;&rya

where 0,, = 1 if # = y and zero otherwise. Therefore, the modified kernel function can be
easily computed and the dual formulation (D) can be used to solve the inseparable support
vector classification problem.

These observations indicate that the dual formulation (D) can quite generally be used

to solve the support vector classification problem. Therefore, similar to the previous studies
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in this field, our algorithm works exclusively with the dual formulation. We first present
and analyze our algorithm for the linearly separable case and subsequently extend it to
the nonlinearly separable case. The applicability of our algorithm for the inseparable case

directly follows from the nonlinearly separable case using the transformation in this section.

3. The Algorithm

3.1 Linearly Separable Case

Let P ={p',...,p"} C R" and Q = {q¢,...,¢"} C R™ denote two linearly separable data
sets. In this section, we present and analyze our algorithm that computes an approximate
solution to the dual problem (D).

Note that the problem (D) is a convex quadratic programming problem. The main
difficulty in practical applications stems from the size of the data sets. In particular, the
matrix whose entries are given by k(z,y), where z,y € P U Q, is typically huge and dense.
Therefore, direct solution approaches are usually not applicable. In this paper, our focus is
on computing an approximate solution of (D) using a simple algorithm that is scalable with
the size of the data.

Let us describe Algorithm 1 in more detail. The algorithm generates a sequence of im-
proving estimates (Pu”*, Qu¥) € conv(P)x conv(Q) of the pair of closest points. The sequence
is initialized by computing the closest point ¢/ € Q to p* € P and then computing the clos-
est point p** € P to ¢/*. Therefore, (p*, ¢’*) constitutes the first term of the aforementioned
sequence.

For each k, the points u* and v* lie on the unit simplices in R™ and R", respectively.
Therefore, (u*, v*) is a feasible solution of the dual problem (D). At iteration k, the algorithm
computes the minimizing vertex p’ € conv(P) and the maximizing vertex ¢/ € conv(Q)
for the linear function (w*)Tz, where w* := Pu* — Quv*, and sets 2* := p’ — ¢/'. The
“signed” distance between the parallel hyperplanes H: := {z € R" : (w*)Tz = (w*)Tp"}
and H* = {z € R" : (w*)Tx = (w*)T¢’"} is given by (w*)”2*/||w*||, which is clearly a lower
bound on the maximum margin p* between conv(P) and conv(Q). Note that a negative
distance indicates that the current estimate of the hyperplane does not yet separate conv(P)

and conv(Q). Furthermore, ||w"|| is an upper bound on p* by the dual feasibility of (u*, v*).

Therefore,
(") (z*)

o = L et < 7 = 1Pt = Qull < ), (7)
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Algorithm 1 The algorithm that computes a (1 — €)-approximate solution to the support

vector classification problem.

Require: Input data sets P = {p*,....,p"} CR", Q={¢',...,¢"} CR", and € > 0

1: k0
. . 1 2,
s = argming—y__, [p' — ¢’
Ty arg miIli:Lm’m ||pZ — q]* ;
ub—0, i=1,...,m u§*<—1;
- ) k .
vi 0, j—.l,...,r, vj, — 1

k /L‘* * .

(G A .

i — argming—y_, (W) Tpl; 0" — iy
-/ kK\T 7. -1/ -

J—argmax;—; (W) ¢7; 77— ji;
koo i i ko ik

z p q 5y w™;

T

10: € — 1 —[(2%)T (w®) /()T (wh)]; & 0

11: " — max{er " };

12: While €* > ¢, do

13: loop

14:  if ¥ > ¢* then

15: db — wk — 2F;

16: A¥ — min{1, (w*)"(d*)/(a")"(d")};

17: uF T — (1 — M)uP 4+ Nee?';

18: VR e (1 — AR)OF 4 Meed;

19: Wt — (1 — AM)wk + NF2F;

20: else

21: b — yk — wk;

22: AP = min{(w*)T(0%)/(65)7(0%), ul /(1 — ), 05 /(1 = 05 ) s
23: P (14 M)k — Mee;

24: VR (14 NF)ok — Nked”,

25: Wt — (14 N)wk — NryF;

26:  end if

27: k—k+1,

28: i« argmini_;,__,(w*)Tp’; "« arg maxi:ubo(wk)Tpi;
20: j e argmaxyoy, (W) s j7 e argming o (w?)T ¢
30: e’ gy e p" =

31: € 1= [(2M)T(w") /()T (wh)]; €& [(y*)T (w?)/ (W) (w*)] - 1;

320 € max{et, " };

33: end loop

34: X — {p':uf > 0}'/U {¢/ - v} > 0};
35: 7« (1/2)((w")Tp" + (w*)Tq”);
36: Output u*, v*, X w*,~.




where (u*,v*) is an optimal solution of (D). Since € > €*, it follows that (u*,v*) is a

(1 — €)-approximate solution of the support vector classification problem.

Let us now take the primal perspective and let us define (cf. (2))
Oék — (wk)TPuk, ﬁk = (wk)Tka‘ (8)

Note that (w*, o*, %) € R® x R x R may not necessarily be a feasible solution of (P). In fact,
primal feasibility is achieved if only if (u*, v*) is an optimal solution of (D) by (1). However,
we now establish an upper bound on the primal infeasibility.

First of all, by Steps 28 and 29 of Algorithm 1, we have

/!

(wk)qu < ﬁk < (wk)Tq]’ (wk)Tpi’ < Ozk < (wkz)sz '

(W (" —¢") = ()" = (1 =)' > (1 — ) lw|? (10)
and
(W) (" = ¢ ) = (W)Y = (1 + )b < (1+ ) [w]. (11)

By (9), for any p' € P,

(Whp' =k = @) (p - "),
" (o~ + " "), (12)
(1= M)t + (@) (¢ = "),

> =26,

v

where we used (10) and (11). Similarly, for any ¢/ € Q, it is easy to verify that
B° — ()¢ > 26" |||, (13)
Furthermore, by definition of p”, for each p' € P such that u* > 0, we have
(w)'p = oF < () (5" = p") < 26|, (14)
where we used (9) and (12), which, together with (12), implies that
|(w*)Tp" — o*| < 26" |w”||* for all i € {1,...,m} such that uf > 0. (15)

12



Using the definition of ¢/", a similar derivation reveals that
8% — (W) | <2e8||w||* forall j € {1,...,r} such that v} > 0. (16)

It follows from (12) and (13) that (w*,a*, %) is a feasible solution of a perturbation
of the primal problem (P). Similarly, (w*, oF, g% u¥, v*) satisfies the approximate version
of the optimality conditions (1), i.e., the conditions (1a), (1b), (1f), and (1g) are approxi-
mately satisfied while the remaining ones are exactly satisfied. This observation is crucial in
establishing the linear convergence of Algorithm 1 in Section 3.3.

Having established the properties of the iterates generated by Algorithm 1, we now
explain how iterates are updated at each iteration. At iteration k, the algorithm computes

the two parameters €% and €* by (10) and (11). Since

(1= )b = (@) () = (@75 — ()¢

(1+ D) lwt]* = ()" (") = ()" = (W")"¢

IN

ot = = |,

ot — 6% = [lw*]?,

v

where we used (8), it follows that € > 0 and €~ > 0.
If €% = €8 | Algorithm 1 sets (u"+1, o) = (1 — \F)(uF, vF) + Me(e”, e7"), where AF is given
by
AF = arg min U((1— \)(u¥, o) + Ae”, e)). (17)

X€(0,1]
The range of A ensures the dual feasibility of (u*1, v**1). Note that w*™! = Puft1—QuF*!l =
(1 — M¥)w”* + N\*2* which implies that the algorithm computes the point with the smallest
norm on the line segment joining w* and z* in this case. It is straightforward to verify that
the choice of A¥ in Algorithm 1 satisfies (17).
On the other hand, if ¢¥ = €*  Algorithm 1 uses the update (uf1 v**1) = (1 +

MY (uF 0F) — NE (e, "), where AF is given by
A= arg min (14 \)(u”,0") = X, e")). (18)
A€M s
Here, Af,, = min{uw,/(1 — uf,),v% /(1 — v5,)} is chosen to ensure the nonnegativity (and

hence the dual feasibility) of (u**1, v¥*1). In this case, w**t = Pufl —Quv*! = (14 M) w”

Neyk = w4+ NF(w® — y¥), ie., wt! is given by the point with the smallest norm on the line

max( k— yk)
Algorithm 1 is the Frank-Wolfe algorithm [9] with Wolfe’s away steps [35] applied to the

segment joining w* and w* 4+ \

support vector classification problem. The algorithm is based on linearizing the quadratic
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objective function W(u,v) at the current iterate (u*,v*) and solving a linear programming
problem at each iteration. From (uf,v*), the algorithm either moves towards the vertex
(e”,el") of the dual feasible region that minimizes this linear approximation or away from
the vertex (¢’ , /") that maximizes this approximation, where the maximization is restricted
to the smallest face of the feasible region containing (u*,v*). In either case, the step size
is determined so as to minimize the dual objective function (see (17) and (18)). As such,
Algorithm 1 only relies on the first-order information about the optimization problem (D).

We discuss the relation of Algorithm 1 with other similar algorithms developed for the
problem of computing the closest pair of points in two disjoint polytopes. One of the earliest
iterative algorithms known for this problem is due to Gilbert [12]. Similar to Algorithm 1,
Gilbert’s algorithm also generates a sequence of improving estimates for the pair of closest
points. In particular, the updates used in his algorithm coincide exactly with our update
(17) for the case €& = eﬁ. This implies that Gilbert’s algorithm is precisely the same as
the original Frank-Wolfe algorithm [9] without the away steps. This observation along with
the fact that Gilbert’s algorithm computes a small e-core set appeared recently in [11].
However, it is well-known that the Frank-Wolfe algorithm does not enjoy linear convergence
in general [13], which leads to very slow progress in later iterations (see Section 4). Another
related iterative algorithm is due to Mitchell et al. [24]. This algorithm uses a very similar
update to our update (18) for the case €¥ = €*. The only difference is that they perform
their line search on w* + \(z* — y*) as opposed to w* + A(w* — ¢*) used in our line search.
Keerthi et al. [17] propose combining these two updates. They also establish that their
algorithm computes an approximate solution in a finite number of iterations. However, they
neither give a bound on the number of iterations to achieve a desired level of accuracy
nor do they establish a core set result. Finally, it is not clear if their algorithm exhibits
linear convergence. We compare the performance of each of these algorithms with that of

Algorithm 1 in Section 4.

3.2 Analysis of the Algorithm

In this section, we establish the computational complexity of Algorithm 1. The analysis
is driven by establishing a lower bound on the improvement of the dual objective function

U (u,v) evaluated at successive iterates (u*, v*) generated by the algorithm.
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Let us first define a parameter § by

1 i 12
5 = Ei:l ..... m; j=1,..., Hp B qj” ' (19)
It follows that the optimal value of (D) satisfies
U* = U(u*,v") <4, (20)

where (u*, v*) denotes any optimal solution of (D).
In Algorithm 1, we say that iteration & is an add-iteration if ¥ = €%, If ¥ = " and
AP < \E

max’

we call it a decrease-iteration. Finally, if € = ¢ and \* = \*___ then iteration

- max’
k is a drop-iteration, in which case at least one of the positive components of u* and/or v*
drops to zero. The first lemma establishes a lower bound on the improvement at each add-

or decrease-iteration.

Lemma 3.1 Suppose that iteration k of Algorithm 1 is an add- or decrease-iteration. Then,

k 2\11*
gt < g (1o (@ 21
= (20" +4 ) (21)
where WF := W(uk vF).
Proof. Note that
(1= N)g + An|” = (1= N)|lgll> + Al[R]]> = A1 = N)[lg — A, (22)

for all g,h € R™ and all A € R.
Let us first consider an add-iteration. In this case, (u**! o**1) = (1 — \F)(uF, 0%) +
Me(e”' el"), where ¥ is given by (17). By (22), we have

2

V(=N A ) = (1/2) ] = NP - Q) a6 - )|
— (1/2)]](1 = Mw* + A, (23)
= (1/2) [(1 = MIwb? + A = AL = Ml = 2],

which implies that the unique unconstrained minimizer of the problem in (17) is given by

o P = ()T (")
[|wh — 2*[[2

(24)

Let us first focus on A*. We can write

k_ ok k
Z :Z* +Z**7
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where 2* is the projection of z* onto span({w*}). Therefore,
A =t = 20w ) P+ I
= JwflP(1 =201 =€) + (1= €)%) + |21, (25)

= (Mlwt I + 2,

lw

where we used the fact that (w*)T(2%) = (1 — ) ||w*|* = sgn((w®)T(2*))||w"||||2¥|| in the
second equation. By (24) and (25),

k|2 _ () k\T(k E|[,,k]2
PR el il G I el oY (26)
[ N A R EA

Let us first assume that \* € (0, 1), which implies that \¥ = \*. By (23), (25), and (26), we

have
R = (1/2) [(1 = A9t + A = AL = A Jw® = 2F)7]
= (1/2) [(1 = M) w1 + N + 2 l®) = A = Al 1) + 227
= (1/2) [(1 = N[ + X1 = )l + 28 07) — (1= A9t [lwt)?]
= (1/2) [(1 = M)t [* + A1 = 2¢") lw®||* + € Jw®[|* — (1 = )" Jw]*] |
= (1/2)[lw"[]*(1 = "A%),

ol (e
=V (1 k)2 + 125 H2>’
ol (et

v (1 <ekuwk||>2+2a>’

where we used the relationship ||2%, ||? < ||2*]|? < 2§ to derive the last inequality. Note that
kHQ

IN

the expression on the right-hand side of the last inequality is a decreasing function of ||w

Since ||w*||* > 2¥*, we obtain

2(€k)2\Ij*
Phtl <« gk (1o 22 &
= 2(eF)2 0" +26 )

which establishes (21) for this case.
Suppose now that A* > 1, which implies that A* = 1 by convexity (see (17)). By (26),
this case happens if and only if

et = (e lwh ) + 2,

which is equivalent to
125,117 < Jlw"|Pe" (1 — €). (27)
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This implies that this case can happen only when ¢* € (0,1). Since (u**!,v*¥+1) = (&, ¢),
we have

U= (1/2)|Pe” = Q1P = (1/2) 1" — |1 = (1/2)]|12"].

By (27), we have

[ e (g e [
(1= e[t ” + [l22 0,
w211 — ") + €*(1 = ")),

= Jw*?(1 - ),

IN

which implies that
\I/k+1 S \IJk<]. _ Ek).

Since €* € (0,1) in this case and § > U*, it is easy to verify that
k 2\11*
Tl < gh(] — by < ok (1 — (€*)
SV(l=-€) < ()20 +4 )
which implies that (21) is also satisfied in this case. This establishes the assertion at an
add-iteration.
Let us now consider a decrease-iteration. In this case, (uf*1, v*1) = (1 + \F)(u*, vF) —

1

Me(e” e7"), where \F < AF  is given by (18). By (22),

max

1

(N M) = (1/2) [ )P - @) =" - )|
= (1/2) [(L+ M) b2 = Mg + A+ Dl =y

which readily implies that the unique unconstrained minimizer of the problem in (18) is

given by
(w*)" (y*) — [|w*]?

[[wh — y*|?

A =
Similarly, let
y* =yl 4k,

k

where y¥ is the projection of y* onto span({w"}). Therefore,

I —y*11* =t = 20w") " (") + el + Il
= [t (1 =201 +€) + (1 +€)?) + Iy,

= (lwt I + e,
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where we used (w*)T(y*) = (1+€")||wk||* = sgn((w*)T (y*))||wk||[|y*| in the second equation.

Therefore,
N
(€¥lw[)? + [ly > —

which implies that A* = A\, < A*__since it is a decrease-iteration. Similar to the first case

in an add-iteration, we obtain

T = (172)[(1 At = AV 4+ XL At — ),
= (1/2)[L At = NI + [ 12) + AL A (el )2 + Tl )
= (1/2)[(L At = AL R ) + (14 M)t
= (1720 At = AL+ 2R — H b+ (1 N,
= I - N,
- (1 - <ek||zfﬂﬂ||”>2 +H)||yif*ll2) ’
<

I
(€ flwkll)*+26 )
where we used the relationship [|y%,||*> < ||v*]|> < 26 to derive the last inequality. The

assertion follows from similar arguments as in the first case in an add-iteration.

Lemma 3.1 provides a lower bound on the improvement at each add- or decrease-iteration.
(Clearly, the objective function does not increase at a drop-iteration. However, the improve-
ment in the objective function can longer be bounded from below at such an iteration since
Ak can be arbitrarily small. Nevertheless, we can still establish an upper bound on the
number of iterations required by Algorithm 1 to compute a (1 — ¢€)-approximate solution. To
this end, let us define

() = min{k : " < e} (28)

Similarly, let ¢(€) and ¢(€) denote the number of drop-iterations and the total number of add-
and decrease-iterations in the first 6(¢) iterations of Algorithm 1. Clearly, 6(¢) = ¢(¢€) +¢(e).

Theorem 3.1 Given e € (0,1), Algorithm 1 computes a (1 — €)-approzimate solution to the

support vector classification problem in

2410 () log (&), ife€[1/2,1),
ble) < { 6410 (g=) log (o) +32=0=, ife € (0,1/2). (29)

iterations.
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Proof. Let us first consider 6(1/2). By (19) and (20),
U <90 <6

By Lemma 3.1, at each add- or decrease-iteration with €¥ > 1/2, we have
g <phtt < gk (1o ) e (WA
- - (k)20 +06 ) — (1/4)¥*+4§ )’
which implies that
« N\ »(1/2) w0\ P(1/2)
b < gt < g (1 (A cof1 e |
(1/4)¥* +§ (1/4)W* +§
By taking logarithms, rearranging the terms, and using the inequality log(1+xz) > x/(x+1),
we obtain
log (&) 45 5 5 5
1/2) < —¥2 _ < (14— )log|— ) <5(—)log|—]. 30
=gt < (1 () 3 (@)ue(E) o
At each drop-iteration, we can only guarantee that W**! < W%  However, at each such
iteration, at least one component of v or v drops to zero. Therefore, every such iteration
can be coupled with the most recent add- or decrease-iteration in which that component
increased from zero. In order to account for the initial two positive entries of (u,v), we can

add two to the total iteration count. It follows that
0(1/2) < 2¢(1/2) + 2, (31)

which, together with (30), establishes (29) for € € [1/2,1).
We now consider 6(277) for 7 = 2,3,.... Let k := 6(2'"7). We first establish an upper
bound on the number of add- and decrease-iterations between the iterate k and the iterate

6(277). Since ¥ < 2177, we have

1 - s . .

Similarly, at each add- or decrease-iteration k with €¥ > 277, we have

k 2\11* (2—27)\11*
U* < phtl < pk 1_L gk 2 )7
— — < (5k)2\11* + ) — (2—27)\11* + ) ’

which implies that

-7 1—7
1 N . ~ (2727) 0+ (P27 =p(277))
- — U <o <P <oh (1 .
( 27’—1) — — — (2—27’)\1}* +5
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Once again, by taking logarithms and rearranging the terms, we obtain

fog (14 )
—T 1—7 (2 )—1 1 Fy
90<2 ) - 90(2 ) < _log(1+(2—2—;')q,*) < T -1 (1 + m)
4 s 4, 2T
< 3 (1 + W) = =+ -,

where we used the inequalities log(1 +z) < z, log(1+z) > z/(z+1), and 272 < (2771) -1

for 7 = 2,3,.... Using the same coupling argument for drop-iterations, we have
8 5 2T+3
§2) — 0(2) <2027 — o2 ) < o+ 22T (32)

Let € € (0,1/2) and 7 be an integer greater than one such that 277 < ¢ < 277, Then, we

have

0(e)

IN

0(2_7-)7

7

= 0(1/2)+ Y (02) - 62" 7)),

T=2

0(1/2) +§; (; - 5(2@—%)) ,

= 6(1/2)+§ (2—27+6(2\p;+5>>,

71
0(1/2) 4+ 4 + 32%,

) ) )
< — — -
< 6+1O(\p*)10g(qj*>+326\p*’

which establishes (29) for € € (0,1/2).

IN

IN

Next, we establish the overall complexity of Algorithm 1.

Theorem 3.2 Given e € (0,1), Algorithm 1 computes a (1 — €)-approzimate solution to the

support vector classification problem in
(m+r)nd d 1
AL | i -
O ( T g | 3= + .

Proof. The computation of the initial feasible solution (u°,v%) requires two furthest point

arithmetic operations.

computations, which can be performed in O((m + r)n) operations. At each iteration, the

!

dominating work is the computation of the indices ', 5/, i, and j”, each of which requires
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the optimization of a linear function over the input points and can also be performed in

O((m + r)n) operations. The assertion now follows from Theorem 3.1. H
Finally, we establish a core set result.

Theorem 3.3 Given e € (0,1), the subset X C P U Q returned by Algorithm 1 is an e-core

set for the support vector classification problem such that

-0 (s 2) 1)) "

Proof. Let £* denote the index of the final iterate computed by Algorithm 1. It is easy to
verify that the restriction of (u*",v*") to its positive entries is a feasible solution of the dual
formulation of the support vector classification problem for the input sets (PN X, QN X).
Let p. denote the maximum margin between conv(P N &) and conv(Q N X). Therefore,
|w*" || > p.. Similarly, let u* denote the maximum margin between conv(P) and conv(Q).
By (7),

(1= < (1= )" || < p < g < [l

Since € < €, we obtain
(1 =€) <" < e

Note that (u®,v°) has only two positive components. Each iteration can increase the number
of positive components in (u*, v*) by at most two. The relation (33) follows from Theo-

rem 3.1.

3.3 Linear Convergence

In this section, we establish that Algorithm 1 exhibits linear convergence. As mentioned in
Section 3.1, Algorithm 1 is the adaptation of the Frank-Wolfe algorithm [9] with Wolfe’s away
steps [35] to the support vector classification problem. For the general problem of minimizing
a convex function over a polytope, Wolfe [35] and Guélat and Marcotte [13] established the
linear convergence of this algorithm under the assumptions of Lipschitz continuity and strong
convexity of the objective function and strict complementarity. Recently, Ahipagaoglu, Sun,
and Todd [2] studied this algorithm for the more special problem of minimizing a convex

function over the unit simplex and proved linear convergence under a slightly different set of
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assumptions. None of these previous results is applicable to Algorithm 1 since the dual prob-
lem (D) does not have a unique optimal solution in general, which is a necessary consequence
of the assumptions made in all previous studies.

Therefore, in order to establish the linear convergence of Algorithm 1, we employ a
different technique which was first suggested in [2] and recently used in [36] to exhibit the
linear convergence of a similar algorithm for the minimum enclosing ball problem. The
main idea is based on the argument that each iterate (u®,v*) generated by Algorithm 1
is an optimal solution of a slight perturbation of the primal problem (P). It follows from
the general stability results of Robinson [27] that the distance between (u”, v*) and the set
of optimal solutions of the dual problem (D) can then be uniformly bounded above for all
sufficiently large k.

Let us consider the following perturbation of the primal problem (P):

where (@, 0) is any feasible solution of (D), € > 0, b(@, 0, €) € R™ is defined as

[ @TE (PR, i > 0,
bi(u, v, €) = { —2¢||lw|?, otherwise,

c(u,v,€) € R" is given by

4t

Cj(?l,

oo [ @R @), >0
T 26w, otherwise,

and
w = Pu— Q.

Let us now consider the problem (P(u®, v*, ¢¥)). By (12) and (13), (w*, a*, %) is a feasible
solution, where w* := Pu* — Qu*, o and B* are given by (8). It turns out that (w®, o*, 3*)

is actually an optimal solution of (P(u*, vk, €¥)).

Lemma 3.2 For each k =0,1,..., (w* oF, B*) is an optimal solution of (P(u”*,v* €¥)) and

the corresponding optimal value is W* = (1/2)]|w*||?.

Proof. The feasibility of (w*,a*, %) follows from the argument preceding the lemma. It

is easy to verify that (w®,o*, %) along with the Lagrange multipliers (u*,v*) satisfy the
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optimality conditions, which are sufficient since (P(u*,v* €¥)) is a concave maximization

problem with linear constraints. The optimal value is given by —(1/2)||w*||? + (a* — %) =

(1/2)]|w*||? by (8) and the definition of w*.

Next, we show that the sequence of optimization problems given by (P(u*,v*, €*)) yields
smaller perturbations of the primal problem (P) as €* tends to zero. Clearly, b;(u*,v* €¥) =
c;(uF, vF, ") = —2¢¥||w”||* for i and j such that u} = 0 or v} = 0. Together with (15) and

(16), we obtain
|bi(uk,vk,ek)| < 26k||wk||2, 1=1,....m; |cj(uk,vk,ek)| < 26k||wk||2, j=1,...,r, (34)

which establishes our claim since ||w®||? < 24.

It is also useful to note that

m

Do (@bt of ) = (w)[(p) (w*) — (Puh) (wh)] =0, (35)

=1 i:u§>0

where we used the fact that «* lies on the unit simplex in R™. Similarly,

T

D (et k) = Y ()= ()" (w") + (Qu)T (wh)] = 0. (36)

Jj=1 j:v;?>0

Let ©(b(u, v, €), c(u, v, €)) denote the optimal value of the problem (P(@, 7, €)). It follows
that © is a concave function of (b(@, v, €), c(u, v, €)). Furthermore, any Lagrange multiplier
(u*,v*) corresponding to any optimal solution of the unperturbed problem (P) is a subgra-

dient of © at (0,0). Hence,

O, ) =u" < 6(0,0) + (u*,v*)" (b, "),
= U [ v7) = (Wh )] (08, ), (37)
< v+ |I(u*a U*) - (ukv Uk)””(bka Ck)”v
where we used (35), (36), and
(bF, ) = (b(u®, o, €"), c(u, vF, €)).

By (34) and (19),

I(b(u", 0", "), e(u®, o, N < 2(m + ) 2wt ? < d(m o+ 1) 2. (38)
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Therefore, in order to compute an upper bound on ¥* — ¥* in (37), it suffices to find an
upper bound on [|(u*, v*) — (u¥,v*)||. In order to establish such an upper bound, we rely on
the results of Robinson [27] on the stability of optimal solutions of a nonlinear optimization
problem under perturbations of the problem. Robinson’s results require that the unperturbed
problem (P) satisfy certain assumptions. We simply need to adapt these assumptions to a
maximization problem. Since (P) is a concave maximization problem with linear constraints,
the constraints are regular at any feasible solution. Let (w*, a*, 5*) be an optimal solution of
(P) with any corresponding Lagrange multipliers (u*,v*) (i.e., any optimal solution of (D)).

Let £ denote the Lagrangian function corresponding to the problem (P) given by
L((w, . ), (u,v)) = =(1/2)wl® + (@ = 8) + D ui((p) 'w — ) + Y v0;(=(@) w + §).
i=1 j=1

We need to establish that Robinson’s second-order constraint qualification is satisfied
at (w*,a*, 3*). These conditions are driven by the requirement that all feasible directions
at (w*,a*, 4*) that are orthogonal to the gradient of the objective function should neces-
sarily lead to a feasible point of (P) with a smaller objective function value. In particular,
these conditions imply that the optimal solution of (IP) is unique since (P) is a concave
maximization problem.

To this end, we have

—w+ 3 wp' — Z§:1 V¢’

ViwasL((w,a, 8), (u,v)) = Syt 7
_1+Ej:11)j
and
-7 00
V%wﬂﬂ)ﬁ((w,a,ﬁ),(u,v)): 0O 0 0 ,
0O 0 0

where I € R™ " is the identity matrix.

Let
IT={ic{l,....m}: () w =0}, T={je{l,....,r}: () w* =3}
Every feasible direction d := (h”,n,v)T € R"*? at (w*, a*, 3*) satisfies

W)'h=n>0, ieZ; —(@)'h+v>0, jeJ. (39)

24



For second-order conditions, we are only interested in feasible directions that are orthogonal
to the gradient of the objective function of (P) evaluated at (w*, a*, 3*), i.e., those directions
that satisfy

— (Ww"h+n—v=0. (40)

Using the fact that w* = Pu* — Qu*, it follows from (40) that

—Zu Th+z @)Y'htn—v=— Zu N'h—n) +Z ¢)'h—v)=0, (41)

1€ JjeTJ €L JjeJ

which, together with u* > 0, v* > 0, and (39), implies that
W)'h=mn i€Z; ()V'h=v, jeJ, (42)

for all feasible directions d = (h,n,v)T satisfying (40). Since |n| < max;ez ||p!||||k]| and
v] < maxjes [|¢ |||,

[l = [I2]* + 7% + v* < [|A]P(1 + max [|p'||* + max [[¢’[*). (43)
i€l VISVA
Therefore,
1
dTVwa yL((w, a, B), (u,v d:—hzg—( A , >d2,
i £(w.0.) w0 = = < = (P ) 1

which establishes that Robinson’s second-order sufficient condition holds at (w*, a*, 5*) (see
Definition 2.1 in [27]). By Theorem 4.2 in [27], there exists a constant £ > 0 and an optimal
solution (u*,v*) of (D) such that, for all sufficiently small €,

1(u®, %) = (', o) | < A, 0%, €), e(u®, oF, )| < 4l(m + 7)/20e", (44)
where we used (38). Combining this inequality with (37), we obtain
UE — U < 160(m + 7)6%(€")?, (45)

for all sufficiently large k.
Let us now assume that ¢ < 1/2. By Lemma 3.1, we have
B O (oo A WU 1 L AR (. 20
- (F)2U* + o (€F)2U* +0 — (1/4)W* +§
at each add- or decrease-iteration. Combining this inequality with (45), we conclude that
g (PR (v)?
(1/4)\11*+5 - ((1/4)U* +§)16¢(m +r

Pphtl _ < pk )52) (\Ilk — \I’*) (46)

for all sufficiently small €*, which establishes the linear convergence of Algorithm 1.
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Theorem 3.4 Algorithm 1 computes dual feasible solutions (u*,v*) with the property that
the sequence W* —W* is nonincreasing. Asymptotically, this gap reduces at least by the factor
given in (46) at each add- or decrease-iteration. There exist data-dependent constants p
and 9 such that Algorithm 1 computes a (1 — €)-approximate solution to the support vector

classification problem in p + ¥log(1/€) iterations for e € (0,1).

Proof. Let p := max{p*,0(1/2)}, where p* is the smallest value of k such that the inequality
(44) is satisfied. After iteration p, the improvement in each add- or decrease-iteration obeys
(46). Let k* denote the index of the final iterate computed by Algorithm 1. By (7), we have
(1—€)20% < (1 —€")2UF < U* < U* | which implies that U* — U* < [1 — (1 —¢)}U* =
€(2 — €)Wk, Since € € (0,1) and ¥* < UK a sufficient condition for termination is given
by UK — U* < eU*. At iteration p, WP — ¥* < 3U* since (1/4)¥* < ¥* < U for all
k > p by (7). Therefore, we simply need to compute an upper bound on the number of
iterations to decrease the gap from 3¥* to eU*. The result now follows from (46) and the
previous argument that each drop-iteration can be paired with a previous add-iteration with

a possible increase of two iterations to account for the initial positive components of (u°,v°).

Hl

We remark that the convergence result of Theorem 3.4 does not yield a global bound
since it relies on data-dependent parameters such as p and 9. As such, it does not necessarily
lead to a better convergence result than that of Theorem 3.2. The main result is that the
asymptotic rate of convergence of Algorithm 1 is linear. However, the actual radius of

convergence does depend on the input data.

3.4 Nonlinearly Separable and Inseparable Cases

In Sections 3.1-3.3, we presented and analyzed Algorithm 1 for the linearly separable case,
which uses the linear kernel function x(x,y) = 27y. We have chosen to illustrate and analyze
the algorithm on such input sets for simplicity. We now discuss how to extend Algorithm 1
to the nonlinearly separable and inseparable cases without sacrificing the complexity bound,
the core set size, and the linear convergence.

First, let us assume that the input sets are nonlinearly separable. Let ® : R™ — S denote
the transformation of the given input points into the feature space S and let x : R” xR™ — R
denote the kernel function given by k(z,y) = (®(z), P(y)). As described in Section 2.2,
we just need to call Algorithm 1 with the new input sets P’ := {®(p'),..., ®(p™)} and
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Q = {®(¢"),...,®(¢")} in S. However, since the transformation ® may not be efficiently
computable, Algorithm 1 needs to be modified so that explicit evaluations of the function ®
are avoided.

The computation of the initial dual feasible solution (u°,v°) requires two furthest point

computations. Since

(B(2) = (y), ®(x) = B(y)) = Kz, x) = 26(z,y) + K(y, y),

each distance computation in Algorithm 1 requires three kernel function evaluations. There-
fore, the initial solution (u°,v°) can be computed in O(m + r) kernel function evaluations.
In contrast with the linear kernel function, we can no longer explicitly compute and store

wk € S. However, at iteration k, we have

wh = ukep) = ) oe(d),
i=1 j=1

which implies that

(w, () = 3 ubnlpf ) = 3 okl ). (a7)

Therefore, the computation of the indices i, j/, i”, and j” at each iteration can be performed
using kernel functions only. We remark that the number of kernel function evaluations can
be significantly reduced since w*™! = (1 — M)w® + N\*2F at an add-iteration and w*™! =

(1 4+ M*)w® — Ay* at a decrease- or drop-iteration. At an add-iteration,
(W, @(2)) = (1= M) (w", @(2)) + Nr(p",2) — Nw(q”, @), (48)

where we used zF = ®(p’)—®(¢’"), which implies that (w*+!, ®(z)) can be updated using only
a constant number of kernel function evaluations if (w*, ®(z)) is stored for each z € P U Q.

A similar derivation at a decrease- or drop-iteration yields

(W ®(2)) = (1+ M) (wk, @(2)) = MNr(p", 2) + Nu(d", 2), (49)
where we used y* = ®(p”") — ®(¢/"). Since (u°,v°) contains only two positive components,
(w*, ®(z)) can be computed using a constant number of kernel function evaluations by (47),

48), and (49) for each iteration k.
(48),
Similarly, at an add-iteration, we have
(W) = (1= A9k, k) — 201 = A (0, 0(") - (F, 0(d")))
FOW? (s ) — 200" ) + (e 0"))
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and at a decrease- or drop-iteration,
(Wb = (L ARt ) — 2081+ ) (0, 0(0")) — (wt, B(g")))
+()\k)2 (K(pi//,pi/l) B 2K(pi//7 qj//) 4 /{(qj//’ qj//)> '

Using a similar argument, since (w®, w®) can be computed using a constant number of kernel
function evaluations, (w*, w*) can be updated similarly by using a constant number of calls
to the kernel function.

It is easy to verify that all the other computations in Algorithm 1 can be performed using
only kernel functions and that each one can be performed using a constant number of kernel
function evaluations. It follows then that each iteration requires O(m + r) kernel function
evaluations. Note that each iteration can be performed even faster if x(z,y) is computed a
priori and stored in memory for each z,y € PUQ. The analysis of the iteration complexity of
Algorithm 1 is entirely independent of the structure of the input set. Therefore, Algorithm 1
maintains the same iteration complexity for nonlinearly separable input sets. Since the
support vector classification problem for inseparable data sets can be reformulated as a
separable instance as explained in Section 2.3, the same conclusion also holds for inseparable
input sets.

Therefore, Algorithm 1 can easily be extended to compute an approximate solution for
the support vector classification problem for nonlinearly separable and inseparable data
sets. The iteration complexity and the core set results remain unchanged. The number of
kernel function evaluations is O(m + r) at each iteration. The number of overall arithmetic
operations clearly depends on the complexity of the underlying kernel function. For the
linearly separable case, each iteration requires O((m + 7)n) operations since each kernel
function evaluation requires O(n) operations.

We conclude this section by discussing the extent to which the linear convergence re-
sult continues to hold for nonlinearly separable and inseparable data sets. Note that the
linear convergence result heavily relies on the stability results of Robinson [27] for non-
linear optimization problems in finite-dimensional space. As such, it immediately follows
that Algorithm 1 continues to exhibit linear convergence as long as the feature space § is
finite-dimensional, in which case the corresponding problem (PP) is still a finite-dimensional
optimization problem. On the other hand, if the feature space is infinite-dimensional, then
Robinson’s results would not be applicable, which implies that Algorithm 1 may not retain

linear convergence for such input sets.
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4. Computational Results

In an attempt to assess the performance of the proposed algorithm in comparison with
several other algorithms in the literature, we performed computational experiments using
several standard data sets. In this section, we present and discuss our findings from these
experiments.

In addition to Algorithm 1 (KY), we implemented Gilbert’s algorithm [12] (Gilbert),
the improved version of Gilbert’s algorithm [11] (improved Gilbert), the algorithm due to
Mitchell et al. [24] (MDM), and the algorithm due to Keerthi et al. [17] (Keerthi). We
included these algorithms in our test bed for the following reasons. First, each of these five
algorithms is designed to solve the same version of the support vector classification problem
discussed in this paper (i.e., quadratic penalization of misclassifications). Therefore, similar
termination criteria can be employed for each of these five algorithms. For instance, Platt’s
SMO algorithm [26] is not included in the test bed since it solves the version with linear
penalization of misclassifications. Second, each algorithm is iterative in nature and solves the
support vector classification problem using only first-order information. In contrast, solvers
such as SVMLight [15] and LIBSVM [6] also rely on second-order information coupled with
decomposition. Therefore, we believe that the selected algorithms can be used for a fair and
meaningful comparison.

We performed our experiments on a workstation with eight 2.4GHz Quad-Core AMD
Opteron Processors (8378). This workstation has 128GB of RAM and 6TB of hard drive
space. None of our experiments exceeded 0.5% of the total memory available. Each of our
experiments used only one thread of the workstation. We implemented each of the five
algorithms in MATLAB. We used the same initialization scheme as in Algorithm 1 in each
code. We tested each algorithm on four different data sets taken from LIBSVM Data Sets .
The detailed information on each of the four data sets is presented in Table 1, in which
Nirain, F', and Ny denote the number of training points, the number of features, and the
number of testing points, respectively. In all of our experiments, we employed the Gaussian

kernel given by
1
o) = exp (~gslle = ol?).

with o2 = 10 similarly to the experiments in [26, 17].

http://www.csie.ntu.edu.tw/"cjlin/libsvmtools/datasets/
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Data Set Nipain | F | Niest
Adultl 1605 | 123 | 30956
Adult7 16100 | 123 | 16461
Australian | 690 14 —

Splice 1000 | 60 | 2175

Table 1: Properties of data sets

We did not use kernel caching in our implementation. Therefore, each kernel function
evaluation was performed from scratch. All the other parameters in each of the five algo-
rithms were updated using the framework described in Section 3.4. Each algorithm was
terminated as soon as a (1 — €)-approximate solution is computed.

We performed two different sets of experiments. In the first set, we fixed the value of the
tolerance parameter € and solved the support vector classification problem on each data set
using different choices of the penalty parameter y (see Section 2.3). We remark that such
an experiment is necessary to gauge the “correct” value of x (see, e.g., [17]). This set of
experiments allowed us to observe the testing accuracy, the core set size, the running time,
the number of iterations, the margin (i.e., the objective function value), and the number of
kernel evaluations as a function of the penalty parameter y. The results obtained from the
first set of experiments on the data sets Adultl, Splice, Adult7, and Australian are illustrated
in Figures 1, 2, 3, and 4, respectively. Each figure is composed of several graphs, each of
which plots one of the measured outcomes represented in the vertical axis with respect to
the penalty parameter x in the horizontal axis. In all of our experiments in this set, we
used x € {5,55,105,155,205}. The tolerance parameter was fixed € = 0.01 for Adultl and
Adult7 and € = 0.001 for Australian and Splice.

The computational results obtained from Adultl using € = 0.01 are illustrated in Figure 1.
Figure 1(a) shows that the testing accuracy for different values of y are close and comparable
for each of the five algorithms. In terms of the core set size, improved Gilbert and Gilbert
compute smaller core sets compared to the remaining three algorithms, each of which ex-
hibits similar performance (see Figure 1(b)). As illustrated by Figure 1(c), improved Gilbert
slightly outperforms Gilbert, MDM, and KY in terms of running time, whereas Keerthi
takes a significantly larger amount of time. Observe that the running time increases with
X- We remark that the same pattern also can be observed in terms of the number of kernel

evaluations (see Figure 1(f)). Therefore, there seems to be a very strong correlation between
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the running time and the number of kernel evaluations. Since we observed this phenomenon
on each of the experiments, we omit the graphs of the number of kernel evaluations versus
the penalty parameter y on the remaining three data sets. In terms of the number of iter-
ations (i.e., the number of times the while loop is executed in each algorithm), Figure 1(d)
indicates that MDM consistently requires the smallest number of iterations, followed by the
remaining algorithms. It is worth noticing that the performance of Keerthi is similar to that
of the other algorithms, which suggests that each iteration of Keerthi is considerably more
expensive than the other algorithms. This may be due to the fact that kernel caching is not
used in our implementation. Figure 1(e) reveals that the margin gets smaller as y increases.
This result indicates that the lifted data set in the kernel space becomes harder to separate
and the resulting classification problem is harder to solve (see also Figure 1(c)). We also
observed a similar pattern on each of the remaining data sets. Therefore, we decided not to
include this graph in the remaining figures.

We used the data set Splice with € = 1072 in our next experiment in the first set and the
results are presented in Figure 2. As before, the testing accuracy (Figure 2(a)) is close to
one another for each of the algorithms in the test bed. Similarly, Figure 2(b) reveals that the
core set sizes are comparable for each algorithm. In terms of the running time, Figure 2(c)
indicates that KY and MDM significantly outperform the remaining three algorithms. As in
the previous data set, Keerthi takes a considerably larger amount of time in comparison with
the other four algorithms despite the fact that it requires a reasonable number of iterations
(see Figure 2(d)). This justifies our previous observation that each iteration of Keerthi is
considerably more expensive than the remaining four algorithms. As a result, we decided to
remove Keerthi from our experiments in the remaining two data sets. It is worth observing
that the rate of increase in the number of iterations of Gilbert and improved Gilbert are
considerably higher than those of MDM, KY, and Keerthi (see Figure 2(d)). Note that each
of these three algorithms employs some variant of away steps in contrast to Gilbert and
improved Gilbert.

The experimental results pertaining to Adult7 using e = 0.01 are presented in Figure 3.
Figure 3(a) reveals that the testing accuracy fluctuates for each algorithm on this data set. In
terms of the sizes of the core sets, MDM consistently outperforms the other algorithms (see
Figure 3(b)). In contrast, Figure 3(c) indicates that the running times of KY and improved
Gilbert are better than the other two algorithms. We remark that KY seems to exhibit

a more predictable behavior in comparison with improved Gilbert. Finally, MDM requires
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Figure 2: Various experimental results from the Splice dataset with e = 1073,

the fewest number of iterations, followed closely by KY and Gilbert, and then followed by
improved Gilbert (see Figure 3(d)).

Figure 4 presents the computational results obtained from the last experiment in the
first set on Australian with e = 0.001. We remark that there is no testing data for this data
set. Figure 4(a) indicates that improved Gilbert computes the smallest core sets followed by
Gilbert, MDM, and KY. In terms of the running time, KY and improved Gilbert outperform
Gilbert and MDM (see Figure 4(b)). Finally, as illustrated by Figure 4(c), MDM requires the
fewest number of iterations followed closely by KY. Gilbert and improved Gilbert terminate
after a larger number of iterations.

In the second set of experiments, we fixed the value of the penalty parameter y and solved
the support vector classification problem on the data sets Adultl and Splice using different
choices of the tolerance parameter €. Figures 5, 6, and 7 present the results obtained from

this set of experiments. Fach figure is composed of three graphs, each of which presents
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Figure 3: Various experimental results from the Adult7 dataset with e = 1072.

the testing accuracy, running time, and the size of the core set as function of €. For each
data set, we performed our experiments using € = 27%, i = 1,2,...,12. We remark that a
logarithmic scale is used in each plot.

Figure 5 presents the results on the data set Adultl using the penalty parameter x = 25.
Figure 5(a) reveals that the testing accuracy of each algorithm is similar and each one seems
to be converging to the same ratio. It is worth noticing that the testing accuracy does not
necessarily improve with the accuracy of the solution. The running time of each algorithm is
plotted in Figure 5(b). Note that the running times of KY and MDM seem to scale linearly
as a function of log(1/¢) as opposed to the predicted complexity of O(1/€). The running time

of Keerthi seems to exhibit also a linear behavior with a significantly larger slope. On the

34



Total Coreset Size
N
N
o

N
=}
=)

=
©
=)

e o Gilbert
»— Improved Gilbert

=
o
=)

@@ KY
V-V MDM
1400 50 100 150 200 250
Penalty Value
(a)
6000 T T T T 45000
40000
5000
35000
@
2
4000 -2 30000
c ®
g ]
© =
= « 25000
[ o
£ 3000 3
= £ 20000
S 2
[ —
2000 g 15000}
=
o e Gilbert 100001 e o Gilbert 1
1000+ »—< Improved Gilbert | »— Improved Gilbert
® 0 KY 5000 ® @ KY 1
V-V MDM V-V MDM
. n n . . n n
00 5‘0 100 150 200 250 00 50 100 150 200 250
Penalty Value Penalty Value
(b) ()

Figure 4: Various experimental results from the Australian dataset with e = 1072,

other hand, Gilbert and improved Gilbert seem to take considerably more time for smaller
values of e. Figure 5(c) illustrates that as e decreases, the core set size increases and then
flattens out after a threshold value. This phenomenon seems to suggest that all the relevant
points in the core set seem to have been identified for a certain threshold value of €. Below
this threshold value, each algorithm seems to be merely readjusting the weights of these
points instead of adding new points to the core set.

In an attempt to assess the effect of the penalty parameter y on the results, we repeated
the previous experiment on Adultl using xy = 50. We omitted Keerthi since its running time
is considerably longer than the other four algorithms. The results are presented in Figure 6.

Note that the behavior of the testing accuracy seems to be very similar to that obtained
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Figure 5: Experimental results for Adultl with e varying from 27! to 2712 and y = 25.

in the previous experiment (see Figure 6(a)). In a similar fashion, the running times of
KY and MDM seem to exhibit a much better scaling behavior with respect to the tolerance
parameter € in comparison with Gilbert and improved Gilbert, whose performances worsen
significantly for smaller values of e. Finally, the core set sizes follow a trend similar to that
in the previous experiment (see Figure 6(c)).

Our last experiment in the second set was performed on the data set Splice using xy = 100
(see Figure 7). Figure 7(a) reveals that the testing accuracy exhibits a behavior similar to
that of the previous experiments. Once again, KY and MDM seem to exhibit a much better
scaling trend in comparison with Gilbert and improved Gilbert in terms of the running time

(see Figure 7(b)). Finally, Figure 7(c) indicates that the size of the core set seems to increase
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Figure 6: Experimental results for Adultl with e varying from 27! to 2712 and y = 50.

first and then flattens out for smaller values of € as in the previous experiments.

Our computational results illustrate that our algorithm is not only appealing from a
theoretical point of view but is also competitive in practice in comparison with similar other
first-order algorithms. In most of our experiments, KY performs at least as well as other
algorithms, scales relatively better as e decreases and is robust. We believe that significant
speed-up factors may be achieved using optimized implementations in C, C++, or CUDA that

employ kernel caching and multi-core usage.
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5. Concluding Remarks

In this paper, we developed and analyzed a simple, first-order algorithm for the support
vector classification problem. Our algorithm explicitly computes a core set, whose size is
independent of the number of points and the dimension. Furthermore, the computational
complexity of our algorithm is linear in the number of data points and also linear in 1/e.
Our computational results reveal that our algorithm is especially well-suited for large-scale
instances of the support vector classification problem for which a moderate accuracy would
suffice and that it exhibits nice scaling behavior with respect to the size of the data, the

penalty parameter, and the tolerance parameter. Finally, in contrast to previous algorithms
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that similarly compute a small core set, our algorithm exhibits linear convergence.

This work raises many interesting open problems. For instance, an interesting research
direction would be the investigation of core set results for other formulations of the support
vector classification problem with linear penalizations of classification errors. An efficient
parallel implementation of the proposed algorithm would require considerable effort. We

intend to work on these problems in the near future.

6. Acknowledgments

We gratefully acknowledge the insightful comments and suggestions by the Associate Edi-
tor and two anonymous referees. The first author was partially supported by NSF through
CAREER Grant CCF-0643593 and the AFOSR Young Investigator Research Program. We
gratefully acknowledge the support of Advanced Micro Devices, for donating the workstation
used in our experiments. The second author was supported by Turkish Scientific and Tech-
nological Research Council (TUBiTAK) Grant 109M149 and by Bilkent University Faculty

Development Grant.

References

[1] P. Agarwal, S. Har-Peled, and K. R. Varadarajan. Geometric approximations via core-
sets. In J. E. Goodman, J. Pach, and E. Welzl, editors, Combinatorial and Computa-
tional Geometry, volume 52 of Mathematical Sciences Research Institute Publications.

Mathematical Sciences Research Institute Publications, 2005.

[2] D. Ahipagaoglu, P. Sun, and M. J. Todd. Linear convergence of a modified Frank-Wolfe
algorithm for computing minimum-volume enclosing ellipsoids. Optimization Methods

and Software, 23(1):5-19, 2008.

[3] M. Badoiu and K. L. Clarkson. Smaller core-sets for balls. In Proceedings of the 14th
Annual Symposium on Discrete Algorithms, pages 801-802, 2003.

[4] K. P. Bennett and E. J. Bredensteiner. Duality and geometry in SVM classifiers. In
ICML ’00: Proceedings of the Seventeenth International Conference on Machine Learn-
ing, pages 57-64, San Francisco, CA, USA, 2000. Morgan Kaufmann Publishers Inc.

39



[5]

[10]

[11]

[12]

[16]

M. Badoiu, S. Har-Peled, and P. Indyk. Approximate clustering via core-sets. In
Proceedings of 34th Annual ACM Symposium on Theory of Computing, pages 250-257,
2002.

C. C. Chang and C. J. Lin. LIBSVM: A library for support vector machines, 2001.

Software available at http://www.csie.ntu.edu.tw/~cjlin/libsvm.

K. L. Clarkson. Coresets, sparse greedy approximation and the Frank-Wolfe algorithm.
In Proceedings of the 19th Annual Symposium on Discrete Algorithms, 2008. To appear.

N. Cristianini and J. Shawe-Taylor. An introduction to Support Vector Machines and
Other Kernel-based Learning Methods. Cambridge University Press, New York, NY,
USA, 2000.

M. Frank and P. Wolfe. An algorithm for quadratic programming. Naval Research
Logistics Quarterly, 3:95-110, 1956.

T. T. Freiss. Support vector neural networks: The kernel-adatron with bias and soft-

margin. Technical report, The University of Sheffield, 1999.

B. Gartner and M. Jaggi. Core-sets for polytope distance. 25th Annual Symposium on
Computational Geometry, 2009. To appear.

E. G. Gilbert. Minimizing the quadratic form on a convex set. SIAM Journal on

Control, 4:61-79, 1966.

J. Guélat and P. Marcotte. Some comments on Wolfe’'s away steps. Mathematical

Programming, 35:110-119, 1986.

S. Har-Peled, D. Roth, and D. Zimak. Maximum margin coresets for active and noise

tolerant learning. In IJCAI, pages 836-841, 2007.

T. Joachims. Making large-scale support vector machine learning practical. In
B. Scholkopf, C. Burges, and A. Smola, editors, Advances in Kernel Methods - Sup-
port Vector Learning, pages 169-184. MIT Press, 1999.

T. Joachims. Training linear SVMs in linear time. In Proceedings of the 12th ACM
SIGKDD International Conference on Knowledge Discovery and Data Mining, pages
217-226, 2006.

40


http://www.csie.ntu.edu.tw/~cjlin/libsvm

[17]

[18]

[19]

[20]

[21]

[27]

28]

S. S. Keerthi, S. K. Shevade, C. Bhattacharyya, and K. R. K. Murthy. A fast iterative
nearest point algorithm for support vector machine classifier design. IEEE Transactions

on Neural Networks, 11(1):124-136, 2000.

S.S. Keerthi and D. DeCoste. A modified finite Newton method for fast solution of large
scale linear SVMs. Journal of Machine Learning Research, 6(1):341, 2006.

P. Kumar, J. S. B. Mitchell, and E. A. Yildirim. Approximate minimum enclosing balls
in high dimensions using core-sets. The ACM Journal of Fxperimental Algorithmics,

8(1), 2003

P. Kumar and E. A. Yildirnm. Minimum volume enclosing ellipsoids and core sets.

Journal of Optimization Theory and Applications, 126(1):1-21, 2005.

P. Kumar and E. A. Yildirnm. An algorithm and a core set result for the weighted
euclidean one-center problem. INFORMS Journal on Computing, 2009. To appear.

G. Loosli and S. Canu. Comments on the ”Core Vector Machines: Fast SVM Training
on Very Large Data Sets”. Journal of Machine Learning Research, 8:291-301, 2007.

O. L. Mangasarian. A finite Newton method for classification. Optimization Methods
and Software, 17:913-929, 2002.

B. F. Mitchell, V. F. Dem’yanov, and V. N. Malozemov. Finding the point of a poly-
hedron closest to the origin. SIAM Journal on Control, 12:19-26, 1974.

E. Osuna, R. Freund, and F. Girosi. An improved training algorithm for support vec-
tor machines. In Proceedings of the IEEE Workshop on Neural Networks for Signal
Processing, pages 276285, New York, 1997. IEEE.

J. Platt. Fast training of support vector machines using sequential minimal optimization.
In B. Scholkopf, C. Burges, and A. Smola, editors, Advances in Kernel Methods - Support
Vector Learning, pages 185-208. MIT Press, 1999.

S. M. Robinson. Generalized equations and their solutions, part II: Applications to

nonlinear programming. Mathematical Programming Study, 19:200-221, 1982.

A. Smola, SVN Vishwanathan, and Q. Le. Bundle methods for machine learning. Ad-

vances in Neural Information Processing Systems, 20, 2008.

41



[29]

[30]

M. J. Todd and E. A. Yildirim. On Khachiyan’s algorithm for the computation of
minimum volume enclosing ellipsoids. Discrete Applied Mathematics, 155(13):1731—
1744, 2007.

I. Tsang, J. Kwok, and P.-M. Cheung. Very large SVM training using core vector ma-
chines. In Robert G. Cowell and Zoubin Ghahramani, editors, Proceedings of the Tenth
International Workshop on Artificial Intelligence and Statistics, Jan 6-8, 2005, Savan-
nah Hotel, Barbados, pages 349-356. Society for Artificial Intelligence and Statistics,
2005. (Available electronically at http://www.gatsby.ucl.ac.uk/aistats/).

I. W. Tsang, A. Kocsor, and J. T. Kwok. Simpler core vector machines with enclosing

balls. In Proceedings of the 24th international conference on Machine learning, pages

911-918, 2007.

I. W. Tsang, J. T. Kwok, and P. M. Cheung. Core vector machines: Fast SVM training
on very large data sets. Journal of Machine Learning Research, 6:363-392, 2005.

V. N. Vapnik. The nature of statistical learning theory. Springer-Verlag New York, Inc.,
New York, NY, USA, 1995.

V. N. Vapnik and S. Kotz. Estimation of Dependences Based on Empirical Data: Em-
pirical Inference Science (Information Science and Statistics). Springer-Verlag New

York, Inc., Secaucus, NJ, USA, 2006.

P. Wolfe. Convergence theory in nonlinear programming. In Integer and Nonlinear

Programming, pages 1-36. North-Holland, Amsterdam, 1970.

E. A. Yildirim. Two algorithms for the minimum enclosing ball problem. SIAM Journal
on Optimization, 19(3):1368-1391, 2008.

42



	Introduction
	Optimization Formulations
	Linearly Separable Case
	Nonlinearly Separable Case
	Inseparable Case

	The Algorithm
	Linearly Separable Case
	Analysis of the Algorithm
	Linear Convergence
	Nonlinearly Separable and Inseparable Cases

	Computational Results
	Concluding Remarks
	Acknowledgments

