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Abstract

We study the problem of computing the Minimum Vol-
ume Enclosing Ellipsoid (MVEE) containing a given set
of ellipsoids S = {E1,Es,...,E,} C R% We show
how to efficiently compute a small set X C S of size
at most « = |X| = O(%) whose minimum volume
ellipsoid is an (1 + €)-approximation to the minimum
volume ellipsoid of S. We use an augmented real num-
ber model of computation to achieve a running time of
O(a(nd* + d®)) where w < 2.376 is the exponent
of square matrix multiplication. This is the best known
complexity for solving the MVEE problem when n > d
and e is large. The algorithm is built on the previous
work by Kumar and Yildirim [17].

1 Introduction

We study the problem of computing the minimum vol-
ume enclosing ellipsoid (MVEE) of a given set of full
dimensional ellipsoids S = {F,..., E,} C R%, de-
noted by MVEE(S), also known as the Lowner ellip-
soid for S. Figure 1 shows an approximate minimum
volume ellipse containing a set of randomly generated
ellipses (Our implementation is in Matlab and took 0.4
seconds to compute the ellipse with an approximate er-
ror of € =~ 10~2 on a Pentium IV 3.6GHz laptop).
Minimum volume enclosing ellipsoids play an im-
portant role in several diverse applications [8, 26, 30,
31, 7, 1, 18, 12, 5, 11, 25, 29, 21]. One reason that
practitioners have shied away from using bounding vol-
ume ellipsoidal hierarchies is the non availability of sim-
ple algorithms to solve the enclosing ellipsoid of ellip-
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Figure 1. An approximate minimum vol-
ume ellipse containing a set of 50 ran-
domly generated ellipses (coreset size =
4) computed using our implementation.

soids [8]. With this note, we hope to convince practi-
tioners that a very simple algorithm could be used to
compute MVEE’s of ellipsoids if they can settle for ap-
proximate answers instead of exact answers.

A (full-dimensional) ellipsoid E¢ .. in R? is specified
by a d x d symmetric positive definite matrix ¢ and a
center ¢ € R? and is defined as

Ege={zeR: (z—c)'Q(x —c)<1}. (1)

We denote the volume of an ellipsoid by vol Fg ..
The volume of the ellipsoid Eg . is given by [12],
vol Eg . = B det Q" 2, where B is the volume of the
unit ball in R?,

The minimum volume enclosing ellipsoid problem
for point sets has received considerable attention in the
past. For applications and efficient solutions to this



problem, we refer the reader to [17]. As far as we
know, the problem of computing MVEE of ellipsoids
has not received as much attention as the MVEE of fi-
nite point sets. It is known that the problem is a con-
vex optimization problem with linear matrix constraints
and can be solved efficiently in polynomial time [2]. We
believe that a different set of fast randomized [20, 31]
and deterministic [7] algorithms might also be easily
adapted for the case when d is small (with running time
O(d°@n)).

In this paper, we show an efficient way of solving
this problem, which is particularly suited for applica-
tions where n is large compared to d and which can tol-
erate moderate values of e. The algorithm extends the
algorithm of Kumar and Yildirim by using some very
simple lemmas which we present in section 3. From
now onwards, we refer to this algorithm as KY algo-
rithm. We will use the real number model of compu-
tation unless otherwise stated [4, 24]. We augment this
real number model to compute the root of a polynomial
exactly in O(z) time when the root can be approxi-
mated in O(zlog1/e€) , given the degree of the poly-
nomial is . We believe that the algorithm is practical
but the error analysis complicated if we do not assume
the augmented real number model. We also show a very
preliminary implementation of one of our key lemmas,
which is the only lemma dependent on the augmented
real number model of computation (Otherwise the real
number model of computation suffices). The paper is
organized as follows. In section 2, we give a brief in-
troduction to the KY algorithm [17]. Section 3 defines
the modifications needed to the algorithm for it to work
on ellipsoids. Section 4 presents a practical variant of
our algorithm. Implementation results are presented in
Section 5. We list some interesting open problems in
Section 6.

2 MVEE using KY Algorithm

KY algorithm computes a (1 + ¢)-approximate
MVEE of a given set of affinely independent input
points. One of the interesting aspects of the KY algo-
rithm is that it involves combining two other algorithms
and coming up with a practical and more efficient algo-
rithm than either one (in at least cases where n > d and
€ is moderately high). To describe the algorithm we first
need to review the formulation of the MVEE problem.

2.1 Formulation

For Section II, we will assume that S is a set of points
instead of full dimensional ellipsoids. Throughout the
paper we will assume that .S is affinely independent. We
will use the superscript * to denote an optimal solution.
Given a set S C R? of n points py, . .., p,, we define a
“lifting” of S to R¥*! via

S ={+q,..., e},

where qi::{pf}, i=1,...,n. 2)

It follows from the results of [15] and [22] that
MVEE(S) = MVEE(S’) N H, 3)

where
H:={zeR" 24, =1} 4)

Since S’ is centrally symmetric, MVEE(S’) is cen-
tered at the origin. This observation gives rise to
the following convex optimization problem to compute
MVEE(S’), whose solution can be used to compute
MVEE(S) via (3):

(P(S)) miny —logdet M
st. (¢)TMg <1, i=1,...,n,
M e R+ x(d+1) 5 symmetric and positive definite,

where M € RE+Dx(d+1) g the decision variable.
The Lagrangian dual of (P(S)) is equivalent to

(D(S)) max, logdetV(u)
S.t. elu= 1,
u >0,

where u € R" is the decision variable and e is the vector
of ones. Let u* denote the u at which the optimal is
reached. Here V (u) = X7 u;q;q} . Let U* denote the
matrix with diagonal entries u*. Let P denote the d x n
matrix with points p1, ..., p, being the columns of the
matrix. Then

MVEE(S) = Eq-
Ege e i={z €RY: (z—c)TQ*(x — ¢*) < 1}(5)

where
1 _
Q"= (PUP" — Pu*(Pu)") ", ¢ i= Pu".
(6)



The reader is referred to [17] for details. The no-
tion of an approximate MV EE(S) is defined as fol-
lows. Given € > 0, an ellipsoid Eg . is said to be a
(1 + €)-approximation to MVEE(S) if

Egc2S, volEg.<(1+¢€)volMVEE(S). (7)
Note that this is a much more strict definition of

(1 + €)-approximation compared to some other core set
results [16, 6].

2.2 The Algorithm

We are now ready to describe the KY algorithm. The
KY algorithm works in two phases. The first phase
which is called the initial volume approximation runs
the Betke and Henk algorithm to collect a set X of 2d
points. In the second phase these set of 2d points are
refined by using Khachiyan’s algorithm [14] to produce
a (1 + €)-approximate MVEE of S. Below we describe
both phases in more detail since we would need to mod-
ify both phases to make the algorithm work when the
input is a set of full-dimensional ellipsoids.

The first phase of KY uses an algorithm given by
Betke and Henk [3]. The algorithm of Betke and Henk
gives a very rough approximation to the volume of the
CH(S) but at the same time it produces the approx-
imation by using at most a set of 2d vertices of the
CH(S). The algorithm chooses a random direction by
in R? and finds supporting hyperplanes 2] and h; of
CH(S). CH(X) refers to the convex hull of X. Let
p§ and pf be the contact points of hf and h] with
CH(S). The next direction bo is chosen perpendicular
to the affine span of the su%porting points already com-
puted (in this case p{ and pY ). After d steps the d pair of
points define a convex hull that is contained in CH(S).

The second phase of KY uses a modification of
Khachiyan’s algorithm [14] (See Algorithm 1).

In the paper by Kumar and Yildirim it was showed
that if the loop 4-8 in Algorithm 1 is run (’)(d—:) times,
we are guaranteed a (1 + ¢) approximate MVEE(S) at
termination. Let X’ denote the points p; for which the
corresponding u;’s are non-zero. Note that | X'| can be at

most (’)(d—:) . They also showed the following theorem.

Theorem 1 Algorithm 1 terminates after O(%ds) op-
erations with

vol MVEE(X') < vol MVEE(S) < vol Eg+ ¢+
< (14 €)vol MVEE(X) < (1 + €)vol MVEE(S),

Algorithm 1 Khachiyan’s first-order algorithm

Require: Input set of points S = {p',...,p"} C
Rd, e>0,pCS
1: 1«0
2: ¥ € R” such that u(; = ﬁ for p; € Ap and

uf = 0 otherwise.

While not converged

loop
Jj — argmaxy_1,...,(q*) TV (u')~lg"
K — maxg=1, . n(¢")TV(u)~1gk.

Kk—(d+1)
B @rme—n

ut— (1= )’ + Bej, i — i+ 1.
end loop
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Figure 2. An approximate MVEE of points
computed using KY. The blue ellipses
show the iterates.

Recently, we have implemented KY in C++ with
approximately 300 lines of code (but the code has not
been optimized in any way). The figure 2 shows an
approximate MVEE of points computed using the KY
algorithm. It also draws the ellipses corresponding
to V1 at each iteration. The green points show the
movement of the centers for each iteration. The total
time taken for this toy problem was a fraction of a sec-
ond (0.11 sec with ¢ = 0.001 on a 3.6GHz notebook).
This is work in progress and we soon plan to extend
this implementation to compute MVEE of ellipsoids
instead of points. Note that KY algorithm already works
for a set of triangles or polytopes in R? as input. It
also seems that for most practical needs (for example
in games), KY could be just run for a constant num-
ber of iterations instead of being driven by a particular e.



3 Extension to Ellipsoids

We will need the following lemmas to extend the KY
algorithm so that it works efficiently when S is a set of
full-dimensional ellipsoids instead of points. In this sec-
tion S will mean a set of n full-dimensional ellipsoids.

Lemma 1 (LW48 [/3])

éMVEE(S) C CH(S) € MVEE(S) ®)

where CH(S) denotes the convex hull of S and the
ellipsoid on the left-hand side is obtained by scaling
MVEE(S) around its center by a factor of 1/d.

The second lemma helps us to optimize linear objec-
tive functions over ellipsoids.

Lemma 2 (GLS88 [12]) Given a linear objective func-
tion wTx and an ellipsoid Eq., let p* and p? be the
points that maximize and minimize wTxz over Eg, re-
spectively. Then

_Qu _Qu
VT Quw vVwTQuw
Proof. Tt is easy to derive this lemma from the fact that

w # 0 max wlx such that x € E 1,0 is achieved at vec-
tor ¢ + |I1wTH

p* =c+ and p? = ¢ —

Note that this lemma alone is enough to show that
phase one of the KY algorithm can be run for a set of el-
lipsoids compared to points. The total time taken in this
case is O(nd®) . For the complexity, we can just cal-
culate the singular value decompositions of each of the
matrices associated with the ellipsoids and store them.
In each iteration, for each ellipsoid we can translate it to
the origin and rotate it to make it axis aligned before we
compute the extreme points p® and p” for that particular
ellipsoid in O(d?) (note that this only involves rotation
of the linear objective direction). Rotating and translat-
ing back p® and p” to get the real optimal points takes
another O(d?) and hence the total complexity is given
by the initial SVD computation which takes O(nd®)
. Note that combining Betke and Henk’s result which
states that vol CH(S) < d!volCH (X)) combined with
lemma 1 can easily show that

vol MVEE(X;) < vol MVEE(S) < d*%vol MVEE(AX,)

( This was already shown in Kumar and Yildirim [17] ).
The only thing remaining to convert in the KY algorithm
is adapting Algorithm 1 to make it work with ellipsoids.
Note that we are using the fact that ellipsoids are noth-
ing but infinite union of points. If we can implement
both phases of KY to run on these infinite point sets,
the guarantees of KY will also extend to infinite point
sets [16].

Before we move to our next lemma, we note that the
only lines in algorithm 1 that touches the input are line
5,6. If we could implement line 5 to run on the infinite
point set resulting from union of ellipsoids, KY would
start accepting ellipsoids as input (since line 6 can easily
be evaluated for the j-th point computed). Let us look
at line 5 more closely. It finds out the furthest outlier in
the ellipsoidal norm. So we need to solve the following
optimization problem for each Eg . € S.

(FO) max, =V 'z
st (z—0)TQx—c)=1,

where V and Q are both positive definite. Note that the
furthest outlier computed in each iteration (one run of
loop 4-8 in Algorithm 1) will help us run Algorithm 1 to
completion. We know that the new V'(u) should be

V(u'™) = (1-B)V(u')+ Bp;pl

Here (3 refers to the value of 3 at the i-th iteration.
Let W = (1 - B)V(u'). Then W' = 25V (u’)~".
Since we maintain V(u?)~! from the last iteration,
hence V(u't')~' = (W + Bpjp] )™t = W' —
ﬂW’lpijTW’l. This takes O(d?) time to compute.
Later we will see that the cost of solving n (FO) prob-
lems dominates the cost of updating V' (u?)~! in each
iteration. Note that we now do not need to keep the vec-
tor u explicitly in KY. We can just replace line 7 with
our new update rule.

We also know that Algorithm 1 terminates in
O(d?/e) iterations for any point set [17]. Since a set of
ellipsoids is nothing but a set of points, this still remains
true. So the only part of the algorithm left to extend
is solving the problem (FO). For this we first transform
the problem by multiplying the whole space with V —1/2,
This changes the problem to

(FO')

max, 'z
st (z—)TQ(x—{) =1,

This effect can be thought of as converting the el-
lipsoidal norm defined by V! to the euclidean norm.



Now we can translate the whole space by ¢’ such that
the constraining ellipsoid @)’ becomes centered at the
origin. This also changes the objective function to
max,(z + ¢')7(z + ¢’). Again we apply a rotation to
the entire space so that Q' becomes axis aligned (diag-
onal, Please see figure 3). So the new problem we want

Figure 3. Change of objective function.

to solve is:

(FO") (x—2)T(x - 2)

st. 2Dz =1,

max,

Note that if we solve our problem in this space, it only
takes O(d?) time to recover the real solution (which in-
volves translation, rotation and scaling of the current so-
lution to the original space). But to convert our original
problem to this form, we already need O(d“) where
w < 2.36 is the cost of matrix multiplication of two
d x d matrices.

To solve (FO”), we first assume that D =
{1/r},...,1/r2}. W.lo.g. assume that 0 < ry < ry <
... < rq. Ep intersects many levels of (z — 2)T (z —
z) = l. We want to compute the point that attains l,, 4,
for algorithm 1. Finding [,,,, is a constrained opti-
mization problem that can be reduced to polynomial root
finding by using Lagrange multipliers. The Lagrangian
here is L(z,\) = (v — 2)T(z — 2) — AT Dz — 1).
We now can find the maximizing = from the optimality
condition

VeL(z,\) =2(x — 2) — 2ADz = 0. (12)

Geometrically, this condition means that the normals
of the sphere and the axis-aligned ellipsoid centered at

the origin are aligned at the furthest point from z on
the ellipsoid. We are now ready to show the following
lemma.

Lemma 3 Let \i and A\ be two roots satisfying the first
order condition (equation 12) with corresponding solu-
tions © and y. If A\ > Ao then x is at least as far as y
from c.

Proof. We want to show that

D (-

=1

Zi)2 —(yi — Zi)z)

d
= Z (27 —y7 +22i(yi — ) > 0
i=1

Using 12 we now need to show,

d
Z (27 =y + ((zi — M /1)

=1

+ (yi — yz‘)\z/?"?» (yi — ;)
is > 0 which simplifies to:

(—ziyihi /1] + ziyida/r7) > 0
1

d
1=

or (A —X)(1— 0 (zy)/r}) =0 (13)

Since A\; > A2, we only need to show that:

d d d
1 1
(53wt 3 Soutint 3ot
i=1 1=1

i=1

which is trivially true. H]|
We are now ready to prove the following theorem.

Theorem 2 The objective function (z — z)* (z — z) can
be maximized for the constraint p € Ep g in time O(d?)



Proof. Assume z # 0 since that case is trivial to solve.
We prove this lemma by splitting the proof in two cases.
Case I:

x=(I—-AD) 'z

— diag | —, —2,..., —4 (14)
1 2 1
In this case, we can plug x in Ep g to get:
d
DR EE
r2
k=1 k
d
-3 5 (35) -2 (755
S \ri= A\ A)?
or the secular equation
d 2,2
Zer
PN =1- ( Bk ):0
2 G-y
d w?
— k
-3 (e 557) )

where wy = zxr,. When z # 0, by lemma 3 we
are only interested in Ap,x since that is the one that
maximizes (z — 2z)7(z — 2). It’s easy to notice that
Amax € (7“3,4—00) C R. Also there is only one real
root in (r?, +00) since the derivative of this function is
positive and hence the function is strictly increasing in
(r2,4+00); Asx — oo, P(z) — land as z — rg,
P(z) — —oo. Itis also easy to show that 72 < A\pax <

12+ /S2¢_, w2 The isolated 100t Apay can now be
found using any root finding method or the problem can
be formulated as an eigenvalue problem and the largest
root can be computed using QR factorization in O(d?)
operations [23]. With the result in [19] we can get a run-
ning time of O(d?) (Note that [19] assumes that all
the radii are distinct for the secular equation, luckily our
equation can easily be transformed into their formula-
tion). It was also noted in [27] that our problem is an
instance of the semidefinite programming problem for
which polynomial time and effective methods exist!.
Case II: X = r? for some i. We will search for the
optimal answer by setting A to the radii of E, one at
a time. So now we can assume that A is known. Let

I'The only problem with using polynomial time solvers for SDP
problems is that this increases the running time of our algorithm by
O(d°M) . The advantage of using this method is that one does not
need the augmented real number model of computation but assuming
that one can store and do exact computations with real numbers in
O(1) suffices.

I = {jlr? = A} and T = {j|r7 # X}. Then using the
first order equation, we can write

2 2\ 2
Ty, 1 CrTE
Zk il -1
2l (&—A)
kel

kel K

The only unknown variables are x, for k € I. Note
that z, forms a hyper-ellipsoid. In this case we can pick
any set of x, on this hyper-ellipsoid which is given by:

2 2\ 2
= ()
2 = 5\ 2
r < re \ré — \
k kel k Nk

Note that for each A = r?, we are spending O(d) time
to find a corresponding solution. In the end, in O(d?)
time, we can find the furthest of the solutions found for
this case.

The total running time for the algorithm that does the
search for the correct A is hence O(d?). Note that Case
II is indeed a degeneracy. If all z;’s are non-zero, we
do not need to take care of Case II? (Which is the case,
most of the time in practice).

=]

Recently we have implemented a solution to this
lemma in Matlab using maximum eigenvalue computa-
tion and a sample result is shown in figure 4(a) (Fig-
ure 4(b) shows a zoom in of the furthest computation
done by our current implementation). In the near future
we plan to replace the maximum eigenvalue computa-
tion with the largest root computation of a secular equa-
tion. The total time taken to compute this solution was a
fraction of a second.

For finite precision arithmetic model, solving our
problem gets messy [9]. Note that an error in the cal-
culation of A\« also incurs an error in the calculation
of *. A small error in calculating A\, could possibly
result in a very large error in x*. Fortunately, its very
easy to show that this does not happen.

CkTi
- ()\max + 5)\

l‘;;—i—(swzzr]% Vk=1...d

max)

using Taylor’s expansion

Ck’l“]% Ck’l“i

Ox +O((5§max)

*
Tr+0 = .
k Ty ?"2 (7”1% )\max)g max

kE )\max

2 Another way to solve this degenerate case is by perturbation. For
z; = 0 we can perturb z; infinitesimally to make it nonzero. Using
the triangle inequality, it can be shown that the furthest point does not
move too much in this case.



(a) Furthest point computation example

(b) Translation and Scaling

Figure 4. Furthest point computation fig-
ures for a set of 20 randomly generated el-
lipses in 2D. Zooming in on the left figure
also shows the furthest point computed
by our algorithm on each of the individual
ellipses. Note that our current implemen-
tation in Matlab takes O(nd®) to compute
the furthest point. We hope to reduce it to
at least O(nd?) in the near future.

which shows that .+ is linearly dependent on 4y, -
Thus solving Aax to machine precision almost guaran-
tees a machine precision solution to z*. Note that this
gives us the power to list the bits of x* efficiently. Now
we need to multiply the solution with rotation and scal-
ing matrices. For a more detailed error analysis in the
finite precision model, the reader is referred to [9, 23].

Note that both [9, 23] solve the the minimization version
of (FO). Since we have already showed that the secular
equation P () has it’s maximum root isolated, their re-
sults apply to our problem by replacing the minimum
root with the maximum root.

The conversion of KY algorithm to work with ellip-
soids is hence complete. Now we are ready to prove the
main complexity result of this paper.

Theorem 3 The total running time for the modified KY
algorithm is O(nd*** /e) where w < 2.376 is the ex-
ponent of square matrix multiplication. On termination
it gives a (1 + €)-approximate MVEE of the input point
set.

Proof. Since we run KY as if it were running on a finite
point set, it terminates with the same guarantees on the
infinite point set as it would on the finite point set. This
trick was also used in [16] to compute the minimum en-
closing ball of a set of balls.

For the running time of the algorithm, the major time
taken is solving (FO) in each iteration of algorithm 1.
This takes O(nd“ + d3) time per iteration. The to-
tal number of iterations is bounded by o = O(d?/e)
and hence the total running time of our algorithm is
O(%(nd“’ + d?)) . Note that there is only a O(d“~1)
overhead to run KY on ellipsoids compared to points
when n > d.

Remark: Very recently and parallel to this work, Alper
Yildirim has announced a MVEE algorithm for com-
puting MVEE of ellipsoids with a running time slightly
larger than ours [32]. It also seems that our algorithm
is simpler to implement. We plan to explore the practi-
cality of this algorithm in the near future and report our
results. We also hope to post the source code for both
KY and its extensions on the web soon.

4 A Practical Variant

The first order algorithm, even though nice in theory
turned out to be slow in practice when we implemented
it (Please see next section). This motivated the design
of a core-set/active-set based algorithm for solving our
problem where we try to intelligently guess the impor-
tant points in the input in each iteration and discard the
inactive points. From our experiments it was clear that
in each iteration we could gain a lot if we relied on a sec-
ond order method compared to the first order method (as
in the theoretical result). Algorithm 2 presents a practi-
cal variant of our theoretical method that we presented
in the last section.



Algorithm 2 Second-order algorithm

Require: Input set of ellipsoids,
S={E,Es...,B,} CRYe>0,XCS

1: loop

22 & «— MVE(X) (using [28])

3: p; =maxgcp, || — center(E)||leViel...n

4: P = {pi|p; not contained in (1 + €)E}.

5. if |P| == 0 then break;

6

7

8

9:

‘P = Project p; € P on corresponding E; € S.
X = XU Betke-Henk(P)
o X=X\((1-e)nX)
end loop

Finite termination of active set methods can be
usually proved assuming that each of the subprob-
lems/iterations are solved exactly [10, 6]. Without an
exact solver, the proof of termination with gurantees on
running times becomes rather complicated even for very
simple problems [16]. For our practical variantriant, we
chose to give up on guarantees for finite termination.

S Implementation Results

A common drawback of first order algorithms is that
they cannot achieve high accuracy. Although the algo-
rithm we presented in this paper is the fastest known al-
gorithm to solve the MVEE problem (when n > d and
€ is large), in practice, our experiments with KY moti-
vated us to look for better algorithms, especially because
we would like to solve problems with small €. Our cur-
rent implementation efforts suggest that depending on
the value of e, first or second order algorithms should be
dynamically chosen in practice (or a combination used).
Hence we have recently started exploring second order
algorithms for implementation [16, 28]. The idea of the
implementation is essentially the same but we solve each
subproblem using a second order algorithm instead of
just updating the first order solution. We believe that in
practice this is the way to go even for moderately small
€ although the complexity results for these algorithms
do not look as promising as the first order algorithms.
Even justifying termination or correctness for our prac-
tical variant seems tough unless we rely heavily on the
augmented real number model of computation. Since
the analysis and presentation of the implementation dif-
fers significantly from the algorithm presented in this
paper, we decided not to include our second order im-
plementation results in this paper. Figure 1 shows an
example output of our current implementation that uses
a second order algorithm to solve the subproblems (sim-

ilar to [16]).
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Figure 5. These graphs compare the run-
ning time and coreset sizes for 100 ran-
domly generated ellipsoids in various di-
mension for various approximations.

6 Future Work

A very interesting open problem that this work opens
up is how to analyze our algorithm in finite precision
arithmetic and bound the error of the overall algorithm.
It might be the case that the error analysis for our algo-
rithm is complicated enough that there is a simpler way
to design the entire algorithm and analyze the new algo-
rithm. We plan to work on this in the near future. We
also plan to make available our MVEE of ellipsoids code
on the web.
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mension for various approximations.
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